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1 Introduction 



In the past few years, the noncommutative gauge theories have attracted much attention and are 
studied seriously by many authors Q. They are interesting due to their reahzation in the String 
Theory. In the decouphng hmit, noncommutative gauge theories can occur in the world volume of D- 
branes in the presence of the constant background B^^-Reld [^. But, noncommutative gauge theories 
can also be regarded as nontrivial deformation of the ordinary commutative gauge theories. This 
deformation is simply realized by replacing the ordinary commutative product of functions by the 
noncommutative ^-product: 

f{x)*g{x) = e'^ ^ ^f{x + Og{x + C) 

5=C=o 

where Bfj^i, is a real, and antisymmetric tensor, reflecting the noncommutativity of the space-time 
coordinates. 

The most natural candidate for such noncommutative gauge theories is the noncommutative QED, 
where the coupling of the matter fields to the gauge fields can be given in the fundamental, antifun- 
damental or adjoint representations. 

Different aspects of noncommutative U{1) gauge theory with fundamental matters are studied inten- 
sively in the literature, and various results are achieved [for a review, see Ref. and the references 
therein]. A perturbative analysis of the one-loop /3-function of this theory shows, that for the number 
of flavor degrees of freedom Nj < 6, the NC-?7(1) gauge theory is asymptotically free Asymptoti- 
cally free theories appear also in the ordinary commutative non-Abelian gauge theories. Commutative 
SU{3), e.g., exhibits asymptotic freedom for Nf < 16. 

Recently, the same one-loop /3-function of noncommutative QED with fundamental matter fields 
is also calculated by studying the relation between the conformal anomaly of noncommutative QED 
and the /3-function of the theory [see Ref. [Q]]. As is known, noncommutative gauge theories include 
the noncommutativity parameter 9 of dimension [length]^. It is therefore expected, that the Weyl 
symmetry of noncommutative gauge theories is broken at classical level, even in the massless limit. 
But, as in the ordinary commutative case, the Weyl symmetry of noncommutative U{1) is also broken 
by quantum corrections. This is defined as the conformal anomaly of noncommutative QED. These 
quantum corrections can be calculated using, e.g., the Fujikawa's path integral method ||5|, which is 
also used to calculate the global and gauge anomalies of noncommutaive U (1) and U {N) gauge theories 
1^]. As it is shown in Ref. |^], the value of the one- loop /3-function of noncommutative QED with 
fundamental matters calculated from the conformal anomaly coincides with the result of perturbative 
analysis from Ref. |^. 
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What concerns the noncommutative QED with adjoint matter field couphng, there are good reasons 
to study these theories too. As it is argued by Seiberg in Ref. ||^], noncommutative Yang-Mills 
theory appears as a manifestation of a matrix model and the underlying model forces the coupling 
of the matter to the gauge fields to be in the adjoint representation of noncommutative algebra. 
Noncommutative QED with matter fields in the adjoint representation is first studied in Ref. Q, 
where the one-loop vacuum polarization tensor of the theory was calculated in the framework of 
perturbation theory. It is shown, that in noncommutative gauge theories with matter fields in the 
adjoint representations, nonplanar Feynman diagrams appear which exhibit the important UV/IR 
mixing phenomena of noncommutative Field Theory Q. The study of noncommutative gauge theories 
with adjoint matter fields is also interesting from the point of view of noncommutative standard model 
and a possible ^-dependent correction to the neutrino mass 11 1. 



In this letter, the one-loop /3-function of NC-C/(1) gauge theory with adjoint matter fields will 
be calculated by making use of two different methods. We will first introduce the noncommutative 
QED with adjoint matter fields and its corresponding Feynman rules in Sect. 2. Then, in Sect. 3, a 
perturbative analysis up to one-loop order will be performed to calculate the one-loop /^-function of 
the theory. In Sect. 4, the conformal anomaly of noncommutative QED with adjoint matter fields will 
be calculated using the Fujikawa's path integral method |p. As in the fundamental case, the value of 
the one-loop /3-function coincides in both methods. We will show that, noncommutative QED with 
adjoint matter fields is asymptotically free for Nf < 3. Sect. 5, is devoted to discussions. 

2 Noncommutative QED with Adjoint Matter Fields 

The action of noncommutative QED with matter fields in the adjoint representation is given by: 

5[V',V';-4^] = Sgauge[A^] + S matter [4' , i'] + Sghost[c,c], (2.1) 

with the gauge part 

SgaugeiA^] = -\ j d"" X F^,{x) * F'^'' (x) . (2.2) 

The field strength tensor is defined by: 

i^,.^(x) = d^A^{x) - d^A^ix) - ig[A^,{x), A^{x)l. (2.3) 
The matter field part of the action is given by 



Smatter[lp,^] = I d^ X 



iip{x)^^ -k D^ip{x) — m'il){x) -k ip(x) 



(2.4) 
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with the covariant derivative 



D^ij{x) = ^^^Pix) - ig[A^ix),,pix)l. (2.5) 
Finally the ghost part of the action reads 

Sghost = I d^'x c{x) * {-^^D^')c{x), (2.6) 



where c(x) are the ghost fields in the adjoint representation. The covariant derivative in Eq. ( |2.6| ) is 
defined by the derivative from Eq. (|2.5| ). The Feynman rules of noncommutative QED with adjoint 
matter fields can be calculated from the above actions and read [see also Ref. [^]: 

i) Fermion Propagator: 

' • S ip) = (2.7) 



p J/, m + le 



a) Photon Propagator in the Feynman Gauge 



in) Ghost Propagator 



<VVVW\* -D^iy (k) — (2i 

k 



G{p) = ^^. (2.9) 



p p^ + i£ 

iv) The Vertex of Two Fermions and One Gauge Field 



Vf,{pi,P2;ki) = {2T:Y5^{pi+P2 + ki)2g-i^ sin(pixp2). (2.10) 




Pi, 

v) The Vertex of Two Ghost Fields and One Gauge Field 



J G^{pi,P2]ki) = {2^f5^{pi+p2 + ki)2g (pa) ^ sin {pi X P2) . (2-11) 



Pi/ _^'\P2 
vi) Three-Photon Vertex 



\ i Pi, 1^1 



W, 



{Pl,P2,P3) 



(27r)^ 6^ {pi +P2+ P3) 25 sin {pi x P2) 



5'/.iM2 (Pl - P2)a; + S'MiMS (P3 - Pi)., + fi'/.3/^2 {P2 - P3 



(2.12) 
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vii) Four-Photon Vertex 



Js[~ W^WM2/^3M4 iPi,P2,P3,P'i) = -4i5^ {2it)^5^ {pi +P2+P3) 

+ (C,M1M4^A«2M3 _ ^A'iM2^M3/^4) sin(p3 X pi) Sin(p2 X ^4) 

+ (gMiM2^A«3M4 _ ^/^iM3^M2/^4) sij^(p^ X P4) sin(p2 X Pa) 



(2.13) 



Here we have used the notation: pi x p2 ^ ^^fiiyPiP2- 

3 Perturbative Calculation of the One-Loop /5-Function 

In this section, we present the result of the perturbative calculation of the one-loop /9-function of 
noncommutative U(l) gauge theory with adjoint matter field coupling. But, let us briefly review 
the result of the one-loop /3-function of noncommutative U(l) with matter fields in the fundamental 
representation, which is first presented in Ref. 

i) One Loop [3-Function of NC-U(l) with Matter Fields in the Fundamental Representation 

The one-loop /3-function receives contributions from one-loop fermion self-energy, vacuum polarization 
tensor and vertex function. In Figs. [l]-[3], all one-loop diagrams contributing to these functions are 
presented. To calculate the one-loop /3-function, we would like to consider only the contributions 
from the planar Feynman integrals corresponding to the fermion and photon self-energy and vertex 
function. The nonplanar integrals are assumed to be finite for finite noncommutativity parameter 
and do not contribute to the /3-function of the theory [Q. The /3-function of the theory is therefore 
not altered by the UV/IR mixing phenomena j^. 

As in the commutative QED, the /3-function of the theory is given by 

m = (3.1) 

In terms of the bare coupling constant and the renormalization constants = 1,2,3, the renor- 
malized coupling constant g[^) is defined by: 

50 = ^l-''''g{^^)ZlZ:^^Z-^'\ (3.2) 

with e = A — D. In one-loop order, the renormalization constant Zi receives contribution from one- 
loop vertex function, whereas one-loop fermion and photon self-energy diagrams contribute to Z2 and 



Z3, respectively. After regulating the planar part of the corresponding one- loop Feynman integrals to 
these diagrams, using e.g. dimensional regularization, the one-loop contribution to Zi^i = 1,2,3 read 



^Fund. -j^ 9 



167r2e' 
2 



87r2e' 



= l + (3.3) 
2 167r2e^ 3 3^ ^ ^ 

Now using Eqs. ( p.2| ) and ( |3.3| ), the one-loop /3-function of noncommutative QED with the matter 

fields in the fundamental representation can be given by: 

Fund. ^ g'^ (22 ANf' 



l-loop 167r2 



(3.4) 



where Nj is the number of the flavor degrees of freedom. For Nf < 6 the noncommutative QED with 
fundamental matters is asymptotically free. 

ii) One Loop P -Function of NC-U(l) with Matter Fields in the Adjoint Representation 

Let us now consider the noncommutative QED with adjoint matter fields coupling. Using the propaga- 
tors and vertices of noncommutative QED from Eqs. ( ^.7D -( ^^ ), the Feynman integral corresponding 



to the one-loop fermion self energy from Fig. 1 can be given by 



i^{p) = -ig / 777^772 2T7 TT2sm(— — ). (3.5) 



(27r)^(A;2-m2)(p-A;)2 ^ 2 
Using now the relation sin2 x = ^(1 — cos2x), the above integral can be separated into a planar and 
a nonplanar part. The planar part reads: 



2 ; d^k 7''(^ + m)7^ 



i^planar ' '^9 J ^^^^^ _ ^2)(p _ ^)2 " (3-6) 

It is exactly twice the value of the one- loop fermion self energy from commutative QED. The wave 
function renormalization constant Z2 is then given by: 

The one-loop photon self energy receives contributions from four diagrams (2.a)-(2.d) from Fig. 2. It 
turns out that diagrams (2.a)-(2.c) have both planar and nonplanar parts, whereas diagram (2.d) has 
only a finite nonplanar part. We will consider only the planar parts of the corresponding Feynman 
integrals, because they are the only relevant parts to calculate the one-loop /?- function of the theory. 
The planar parts of the diagrams (2.a)-(2.c) are given by: 
^ _ 2 f d^'k Tr(7A'(^-^-Fm)7^(^ + m)) 

^^^a-planar ^9 J ^^^-^d (fc2 _ j„2) _ p)2 



_ 2 f Q 

b-planar ' ^ 9 J (2^)C k'^^k - pY ' 

^ ^ 2 r d^fc (Zj - GJjy'j/- - {2D 3) + - 2¥'k") + g/"-(5jr^ - 2p.k + 2A:^) 

(3.8) 

Using dimensional regularization, it is possible to isolate the UV-divergent part of the above integrals, 
which is given by 



I 



a— planar ' b— planar ' c— planar 



The wave function renormalization constant Z3 can then be obtained by making use of standard field 
theoretical definitions and reads: 

As next, let us consider the one-loop correction to the vertex function, which receives contribution 
from two diagrams (3. a) and (3.b) from Fig. 3. The corresponding Feynman integrals to diagram 
(3. a) is given by: 

'^9sm{—^)r^{p,p',q=p'-p,m) = 

3 /■ d^A: 7"(^ + m)7^(^ + ^ + m)7« p x k {q + k) x p' k x q 

+oiq / 7 — tttttt; ON //, r;^ ;tt7 tttt sm ism sm ), (3.11) 

^ J {2tt)D {k^ - m?){{k + qf - m?){p - kf ^ 2 ' ^ 2 1^2''^' 

and the one-loop Feynman integral corresponding to diagram (3.b) reads 

2gsin( ^ )T^{p,p' ,q = p' -p,m) = 

d^k -fa{lt + m)jn[{p - y + fc)"ff^'? + (p + y - 2A;)^/^ + (fc + ^ - 2p)^ff/^^] 

(2^ {k'^ -m^){p-kY{p< -kf 

. ,p X k. . ,k X p' . , ,(k — p') X q . 
X sm(^^) ™(^^) 1^). (3.12) 



Using again some standard trigonometrical relations, the planar and the nonplanar parts of these 
integrals can be separated. The planar parts are given by 



r 



ip,p,q=p-p,m)=9 j ^2.)^fk^_rnmk + q)--m^)(p-kr ^''''^ 



a-planaryy^i^^'i P f^"") ^ J (2Tr)D {k'' - m^) {{k + q)^ - m^) {p - k)^ ' 

for diagram (3. a) and 

^ b-planar iP^P'^ q = p' - P,m) = 

d^k ja{^ + m)'jr,[ip - y + kYgi''^ + (p + p' - 2/^)^*/^ + (A; +p' - 2p)^c/'^^] 



(27r)^ {k'^ -m^){j>-kf{p/ -kf 

(3.14) 



for diagram (3.b). Standard dimensional regularization is used, as next, to obtain the divergent part 
of these two Feynman integrals, which is given by 

85^7'' 1 



pM _|_ "nM 

a— planar ' b— planar 



The scaling factor Zi is therefore given by 



div. 167r2 {A-DY 



(3.15) 



Using now Eqs. ( p.7[ ), ( 3.10D and ( 3.16 ) and the relations ( |3.2| ) as well as (p|), we obtain the one-loop 



/3-function of noncommutative QED with matter fields in the adjoint representation 

_ g'^ (22 mf 



l-loop 167r2 



(3.17) 



As it turns out, the noncommutative QED with adjoint matters is asymptotically free for Nf < 3. 
In the next section, the conformal anomaly of the noncommutative U(l) gauge theory with adjoint 
matters will be calculated explicitly. 

4 The Conformal Anomaly and the One-Loop /5-Function 

In this section, the conformal anomaly of noncommutative QED with matter fields in the adjoint 
representation will be calculated using the Fujikawa's path integral method [||. We will first introduce 
the background field method to obtain the relevant path integral for the effective action. Using this 
path integral, we will then calculate the contributions of the matter, ghost and gauge fields to the 
conformal anomaly, separately. The conformal anomaly of noncommutative QED with adjoint matter 
field coupling will be calculated eventually. Using the conformal anomaly, it is then possible to obtain 
the one-loop /3-function of the theory. Its value coincides with the result which we have obtained in 
the previous section in the framework of perturbative expansion [see Eq. ( p.l7| )]. 

4.1 The Background Field Method and the One-Loop Effective Action 

Let us first redefine the gauge field by g^M' background field method, the gauge field 

must be separated into two parts: 

A^{x) = B^{x)+a^{x), (4.1) 

with as the classical part and the quantum fluctuating part. In terms of a^, the field strength 
tensor from Eq. ( |2.3D is then given by: 

F^,u = F^^[B] + D^[B]a^ - D^[B]a^ - iK,a^]^, (4.2) 



where F^i,[B] and Dn[B] are defined by 

Fni/[B] = d^Bi, — djjBn — i[Bn, Si^Jy^, 
D^[B\a^ = S^aj, - i[S^,ai.]*. (4.3) 

Using these definitions, the pure gauge part of the action is given by 

SgaugeK, = / d''^ {f^^A^] * F^'-'lB] + 4ia'^ * a'^]* 

- 2a^ * D,[B]D''[B]a^' - 2D,[By * D^[B]a^' + ©(a^ , a^)} . (4.4) 

Like in the commutative gauge theory, the hnear terms in vanish by making use of the classical 
equation of motion for B^. The cubic and quadratic terms in can also be neglected for small 
quantum fluctuations a/^. For constant 5^, this action is invariant under the following infinitesimal 
transformation of a^(a:) 

6a,j,{x) = Dn[B]a{x) - i[a^(x), a(x)]*, (4.5) 

where a(x) is an arbitrary function of x. Here, like in the commutative non-Abclian gauge theory, the 
gauge must be fixed. The gauge fixing and the Fadeev-Popov parts of the action can then be given 
by: 

Sgf+fpK,c,c] = -^ J d''x{D^[B]a^'i.D,[BX -ic*D^'[B]{D^[B]c-^[a^,c]^)}. (4.6) 
In terms of the background field B^, the matter field part of the action reads 

SmatterbP, ^] = J d\ 4;{x) ★ {if{B] - m)^{x), (4.7) 

with 

D^[B]i^{x) = d^i^ix) - i[B^{x), V'(ar)],. (4.8) 

The resulting total action, is invariant under the following infinitesimal transformations: 

dBfj, = d^a{x) - i[Bf,{x),a{x)]^,, daf, = i[a^{x), a{x)]^ 
5c = i[c(x),a(x)]*, (5c = ■i[c(x),a(x)]*, 

5il) = —iga{x)*i/j{x), S-ip = ig'ip{x) -k a{x). (4-9) 

The effective action of the noncommutative QED with matter fields in the adjoint representation is 
therefore given by: 

eM-W[B]) = j Dxl^Di^ Da^ Dc Dc eMS'gZTM + ^£ad*[c, c] + S„,aUer [V-, V^]), (4-10) 

8 



with 



SIZTK] = ^Jd'x {a,{x)^DAB]D'^[B]a^{x)-2za,{x)^[F^'^[B],a4x)].), (4.11) 



2g 

and 



StA"^] = -^jd'x-c{x)^D,[B]D^[B]c{x). (4.12) 



Further, Scatter [V', V'] is given in Eq. (4.7) 



4.2 The Conformal Anomaly of NC-QED 

As it is mentioned in Sect. 1, even in the massless Hmit, the scale invariance of the noncommutative 
QED with matter fields in the adjoint representation is broken explicitly due to the noncommutativity 
parameter 6. The theory is at the same time anomalous under the global conformal transformations 
of matter fields ip and ^ 

ip{x) — > il^\x) = exp(— -a)'i/'(2;), and il:{x) tp^x) = exp(— -a)V'(x), (4-13) 

gauge fields as well as ghost fields c{x) 

af,{x) a'^{x) = e""a^(x), 

c{x)^c{x) = e~^'^c(x), and c^c{x) = c{x). (4-14) 

In this section, we intend to calculate the conformal anomaly of noncommutative QED with adjoint 
matters arising from these global transformations. The contributions of matter fields, gauge and ghost 
fields to the conformal anomaly will be calculated separately. We then calculate the corresponding one- 
loop /3-function of the theory and will compare our result with the result from one-loop perturbative 
calculation in the previous section. 

The Contribution of the Matter Fields 

Let us assume that the Dirac operator p[B] has a complete set of eigenfunctions ifnix) satisfying the 
eigenvalue equation: 

P[B]ipn{x) = Xnifnix), (4.15) 

with An, the eigenvalues corresponding to the eigenfunctions {ipn{x)}. The orthonormality and com- 
pleteness relations for the set {ipnix)} are defined formally by the noncommutative ★-product and 
read 

l(fx(p}^{x)-k^Pn{x)=5nm, ^ (^Jj (x) * (y) = (J'' (x - y) . (4.16) 



The matter fields can therefore be written as a sum of these eigenfunctions 

^i^) = Yl ^n'^nix), V'(x) = ipl^{x)bm, (4.17) 

n m 

with the coefficients a„ and bm as Grassmannian numbers. Let us now consider the matter field part 
of the effective action 

J Dij Dip Da^ Dc Dc e'^™""-!'^''^] , (4.18) 



with Smatter['^,'ip] given in Eq. ([4.7| ). Under infinitesimal conformal transformations of matter fields 
^ — > ^' = (1 — ^)'i^ and ■0 — > ■0' = (1 — the fermionic measure of the above action transforms as: 

D^Di! ^ Dip'Di;' = J^lajDipDij}, (4.19) 

with the Jacobian 



[a] = det 



Snm j flnix) * ^n{x) = CXp ( « ^ J (fx ip\i{x) -k ipn{x) \ . (4.20) 



Here, we have used the relations det C = exp[TrlnC] and ln(l + a) = a + 0{a^) for a << 1. The 
expression on the r.h.s. of Eq. ( 4.2C| ) must be regulated using a Gaussian damping factor. We arrive 



at 



J^[a\ = lim^ exp^a^ j d^x exp(— eA^)(^Jj(3;) ★ 93„(x)^ . (4.21) 

Now using the eigenvalue equation ( [4.15| ) we get 

lim^ exp^a^ j d'^xeyi-p^{—ep'^)Lpl^{x)'k(pn{x)^ = exp j d^x A^{x)^ , (4.22) 

where is defined to be the contribution of matter fields to the global conformal anomaly. After 
Fourier transforming the eigenfunctions ^^n's and using the completeness relation of their Fourier 
transformed, we obtain: 



j d^x A^{x) = lim^ j d^x y ^^e-*'=^*Tr[exp^(-e|)2)]^e^'=^. (4.23) 

As next let us evaluate the exponent p"^. Using the definition of the covariant derivative from Eq. 
(4.8) in the adjoint representation, we have: 

[D,[BlDMx{x) = -iJ ^F,,{x;k)me"'''. (4.24) 



Here xix) is an arbitrary function of x and 

F,,{x;k) = -2i J ^F^,{p)e^P^sm{P^). (4.25) 
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Choosing now xi^) = [Da, Dp]{p{x) we obtain 



[D^[B],D,[B]] [Da[B],Dp[B]]ipix) 



(p{x). 



(4.26) 



(2^)4(2^)4 — - ^ 2 

Using further the relation 2sin^x = (1 — cos2x) to separate the planar from the nonplanar part of 
the above expression, we arrive at 



[D^[B],D,[B]][Da[B],Df,[B]] 
which leads automatically to 



planar 



(4.27) 



iV2F, 



planar 



(4.28) 



Now let us go back to the equation ( [4.23|) to evaluate p"^ = D^Di,^^^i,. After a rescaling of the 
momentum fc^ — > ^ with e the cutoff appearing in the damping factor from Eq. ( 4.23| ), and using 
the relations 7^7^ = -5^j,i, + a^v with cj^,^ = ^[7^, 7,/] and e~'^^^ -k d^e^^^ = + ik^, we arrive at 
Adj. 



d X A^{x) 



planar 



1 



lim I d X 

e .0 



(2^ 



exp^ 



iV2 



ea^.F^^'^ix) 



.(4.29) 



As next, the trace appearing on the r.h.s. of the above equation must be expanded in the orders of e. 
Due to the factor ^ appearing before the integral, the expansion must be taken up to the fourth order 
in e. All higher orders in e vanish in the limit e ^ 0. Making use of the relations Tr(7^7'') = 4(5^*^, 
Tr{a^"') = 0, and T^:{a^"'a'''^) = A{6^'^6°"' - J'^^J^'^) and the integrals 

d'^k 



kPk 



^[l,k^'k\k^'k''k''k^] 



1 —f)i^'^ 1 



(4.30) 



the contribution of the adjoint matter fields to the global anomaly of noncommutative QED with 
respect to the scale transformations of matter fields from Eq. (4.13) is given by 



Adj. 
planar 



1 



^ jd'^x F^^^{x)^F,,{x). 



(4.31) 



The Contribution of the Ghost and Gauge Fields 

As next, the contributions of the gauge and ghost fields to the conformal anomaly are to be calculated. 



After Eq. (4.14) the infinitesimal global scale transformation of gauge and ghost fields are given by: 



a^{x) a' {x) = (1 - a)a^{x), 



and 



c(x) — > c'(x) = (1 — 2a)c(x), 



(4.32) 
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respectively. 

Let us now consider the eigenvalue equations of the operators Di,[B]D'^[B] — 2i[F^'^[B], -J^ from the 



gauge part of the effective action 5*^""!^ [see Eq. ( 4.11 )] and Di^[B]D'^[B] from the ghost part of the 
effective action 5"^^°^* [see Eq. (4.12)] 



D,[B]D''[B]V>^ix)-2i[Ff'''[B]ix),VnA^)l = ^nV^i^), 

D,[B]D''[B]Sn{x) = Cn5„(x), (4.33) 

where and Cn. are the eigenvalues corresponding to the eigenfunctions {VJ^{x)} as well as {5n(x)}. 
Both sets of eigenfunctions build a complete and orthonormal basis of the Hilbert space and can 
therefore be used to describe the gauge and the ghost fields 

= "-nVn^^iix), c{x) = bnSn{x), (4.34) 
n n 

where an are c-number, whereas bn are Grassmannian numbers. As next, let us consider the gauge 
and ghost part of the effective action, which are given by 

Dip Di/j Da^Dc Dc e"^^"'"* ^""^ and / Di/j Da^Dc Dc e'^^-ad i'^^'^i ^ (4.35) 



with S^'^^f^[a^] and 5*^^°^* [c, c] from Eq. ( ^.11| ) and ( [4.12 ), respectively. Under the infinitesimal scale 



transformation, the measures of the above integrals transform as: 

Da'^ = Ja[a]Da^, and Dc Dc = Jc[a]Dc Dc, (4.36) 

with 



Ja[a\ = det[6nm + a J d'^x V,n,^,{x)-kVj^{x)] \ 

Jc[a] = det[5nm-2aj d^x S„,{x)*Sn{x)]-\ (4.37) 

As it turns out both Jacobians Ja and Jc are divergent and have to be regulated using an ordinary 
exponential damping factor. The contributions of the gauge and ghost fields to the conformal anomaly, 
Aa and are then defined by 

J d^X Aa{x) = Imi^ ("E/ d^"^ ^njx) * e"'^" ^ni"")^ ' 

J d^x Ac{x) = lim^ |^2^ J d^x e^'^" Snix) Sn{x)j . (4.38) 
As next, the eigenvalue equations ([4.33| ) must be used to replace the eigenvalues and C„ by their 

k 

corresponding operators. After a rescaling ^ with e as the same cutoff appearing in the damping 
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factors and using the same algebraic relations leading from Eq. (|]2|) to Eq. ( ^^291 ) in the fermionic 
case, we arrive at: 



lim — r- I d X 

e — >o 



d^k 
Wf 



exp (-2i^ek'^Da[B]5'''' - eD^[B] + 2ieF^"' {x;k) 



,(4.39) 



for the contribution of the gauge fields and 



d'^x Ac{x) 



lim ^ / d'^x 



(4.40) 
.391) is 



*0e^ J J (27r^4 

for the contribution of the ghost fields. The function F^u(x;k) on the r.h.s. of the Eq. 
defined in the Eq. ( 4.25 ). Going through the same algebraic manipulations leading from Eq. (|4.2g| ) 
to Eq. ( 4.31| ) in the fermionic case, we arrive at the contributions of the gauge and ghost fields to the 
conformal anomaly: 

_ 5 

planar 

\ '' d^x F^"'{x)i.F^^{x). (4.41) 

planar 



d^x Aa{x] 
d^x AAx] 



.-^ld'xF,,{x)^F^'^{x) 



Now, adding these contributions to the contribution of the fermionic fields from Eq. ( 4.31| ), the total 
conformal anomaly of the noncommutative QED with matter fields in the adjoint representation is 
then given by 

Nf J d*x A^(x)|p;^„„^ + J d^x Aa{x\i^^^^ + j d^x ^c(x)|p,„„„^ 

= j^^{\Nf-^-^)j d'xF^%x)^F,,{x). (4.42) 

Here, Nf is the number of flavor degrees of freedom. In Ref. [Q] the conformal anomaly of noncommu- 
tative QED with matter fields in the fundamental representation was calculated using the same path 



j d^x A{x] 



integral method. It was given by 

Fund. 

d^x A{x] 



1 



planar (^Tt) 3 3 

Comparing to the result from Eq. ( 4. 421) , only the contribution to the matter fields to the scale 
anomaly differs from the corresponding contribution to the anomaly of the noncommutative ^7(1) 
gauge theory with adjoint matter fields. 
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d^x F'^^(x)*F^,(x) 



(4.43) 



4.3 One-loop /^-Function of Noncommutative QED with Adjoint Matters 

As in the ordinary commutative case, in noncommutative QED there is a relation between the scale 
anomaly and the /3-function of the theory which is given by 

Pig) 



J d^x A{x) = j d^x F^'''ix)^F^,{x). 



(4.44) 
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The function A(x) on the l.h.s. of this equation is the scale anomaly including the contributions of 
matter, gauge and ghost fields. This is an exact relation and is satisfied nonperturbatively for all 
orders of perturbative expansion. 

To calculate the one- loop /3- function of the theory using Eq. (4.44), it is enough to consider the 
conformal anomaly arising from the quadratic terms in and neglecting all higher order terms. Here, 

describes the quantum fluctuations of the gauge fields from the constant background field B^. 

Using now the result from Eq. ( 4.42| ) and the relation ( [4.44 ), the one- loop /3-function of noncom- 
mutative QED with adjoint matters can be calculated and reads: 



Pig) 



Adj. 

1—loop 



g' (22 

(47r)2 ^ 3 



-Nf 



(4.45) 



This result coincides with the one- loop /3-function from Eq. ( p. 17 ), which was found by performing 
an explicit perturbative calculation up to one- loop order. In Ref. Q, the one-loop /3-function of 
noncommutative QED with fundamental matter fields was calculated using the same relation ( 4.44| ) 
between the anomaly and the /3-function of the theory. It was given by the same perturbative result 
from Eq. (3.4). 



5 Conclusion 

In this paper, the one-loop /3-function of noncommutative QED with adjoint matter fields is calculated 
using two different methods. First, a perturbative analysis up to one-loop order is performed and the 
value of the one-loop /3-function is determined. To obtain the renormalization constants Zi, i = 1,2, 3, 
only the planar parts of the one-loop fermion- and photon self energy, as well as vertex function 
are evaluated using dimensional regularization. The nonplanar part of the corresponding one-loop 
Feynman integrals are assumed to be finite for finite noncommutativity parameter 9. The value of the 
one- loop /?- function is therefore not altered by the UV/IR mixing phenomena of noncommutative Field 
Theory. Since the /3-function of the noncommutative QED does not include any noncommutativity 
parameter 9, it is not possible to compare its value with the /3-function of the ordinary commutative 
QED. The one-loop /3-function of noncommutative QED is more comparable to the /3-function of a 
commutative non-Abelian gauge theory, like QCD. We have found that noncommutative QED with 
matter fields in the adjoint representation is asymptotically free for Nf < 3. As is known from Ref. 
1^], noncommutative QED with fundamental matter fields is asymptotically free for Nf < 6. 

The one- loop /3-function of the theory is then determined by calculating the one-loop contributions 
to the conformal anomaly of the noncommutative QED with adjoint matter field coupling. It can 
be shown that classically, even in the massless limit, the scale invariance of noncommutative Field 
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Theories is explicitly broken. This is due to the noncommutativity of the space-time coordinates. In 
this paper, only the quantum corrections to the conformal anomaly are calculated up to one- loop order 
using the Fujikawa's path integral method. Considering only the planar contributions to the conformal 
anomaly, we have shown that the value of the one-loop /^-function coincides in both methods. 
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Figure 1: One- loop contribution to the fermion self energy. 



k k 




Figure 2: One- loop contributions to the photon self energy. 




(a) (6) 



Figure 3: One-loop contributions to the vertex function. 
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